Abstract. This paper is to study the conformal scalar curvature equation on complete noncompact Riemannian manifold of nonpositive curvature. We derive some estimates and properties of supersolutions of the scalar curvature equation, and obtain some nonexistence results for complete solutions of scalar curvature equation.
Introduction
Let M be an n-dimensional complete Riemannian manifold with metric g 0 and scalar curvature k(x). The problem of the conformal deformation of scalar curvature is to find conditions on the function K(x) so that K(x) is the scalar curvature of a conformally related metric g = ρ(x)g 0 , here ρ(x) is some positive function on M. As is well-known, let ρ = u 4/(n−2) for n ≥ 3. Then this problem is equivalent to finding a positive solution of the following equation (the so-called (conformal) scalar curvature equation):
where c n =
4(n−1)
n−2 , σ = n+2 n−2 , ∆u is the Laplacian of u with respect to the metric g 0 . If u is a positive solution of eq. (1.1) such that the metric g = u 4/(n−2) g 0 is complete, we call u to be complete. If M is noncompact, usually one seeks complete solutions of eq. (1.1).
The problem of conformal deformation of scalar curvature has been extensively studied by many authors in recent years [1, 2, 7, 8, 9] . However, this problem is far from being settled, especially if M is noncompact.
The purpose of this paper is to continue to study the problem of conformal deformation of scalar curvature. We consider the case when M is complete and noncompact. We will derive some estimates and properties of supersolutions of eq. (1.1), and obtain some nonexistence results for complete solutions of (1.1). If M is noncompact, in order to obtain a positive solution of (1.1), one usually exploits the method of supersolution-subsolution. To do so, one usually needs a positive supersolution bounded from below by a positive constant or a positive subsolution bounded from above by a constant as in [1, 2, 7, 8, 9] . Here we will see that, under some suitable assumptions, the supersolutions of (1.1) have no positive constant lower bound for a large class of the functions K.
This paper is organized as follows. In §2, we introduce some notations and give some results that will be needed in §3. In §3 we will state and prove the main results of our paper.
Preliminaries
We call M a CH manifold if it is a complete simply-connected C ∞ Riemannian manifold of nonpositive sectional curvature [6] . If M is a CH manifold, by the well-known CartanHadamard Theorem, for every o ∈ M, the exponential mapping exp o : M o → M is a diffeomorphism [3] , where M o denotes the tangent space to M at o. This diffeomorphism gives a global normal coordinate neighborhood of M center at o. Denote by x the coordinates of points and by (r, θ ) the (geodesic) polar coordinates around o, where r = r(x) ≡ dist (o, x) is the geodesic distance from o.
We call a CH manifold M to be strongly symmetric around o ∈ M if every linear isom-
For a more detailed discussion about strongly symmetric manifold, we refer the reader to [6] (where the authors use the term 'model' instead of 'strongly symmetric manifold').
From now on we will assume that M is an n-dimensional strongly symmetric CH manifold around o, where o is a fixed point in M. Let g 0 be the metric of M and k(x) the scalar curvature of g 0 . We always assume n = dim M ≥ 3.
In the polar coordinates, the metric g 0 is expressed by 
where D ≡ det(d i j ). We will denote by V (r) the volume of S r . If u(r) is a C 2 function defined on (0, ∞), we can consider it as a function defined on M − {o}. A calculation shows
We can define a scalar product operation η on M as follows:
We also write η(r, x) ≡ rx.
The main results
In this section we will state and prove our main results. To do so, we first introduce a notation.
(the second equality is by (2.1)). 
for all r ≥ 0, here B(s) is the geodesic ball of radius s and center o, and dµ the volume element of M.
Proof.
Step 1. We first prove that v satisfies the following inequality
In fact, a computation shows that
Since u is a positive supersolution of eq. (1.1) and α = − 4 n−2 < 0, we have
Step 2. We prove thatv satisfies
By the definition (3.1) ofv(r), for any r > 0, we havē
Thus, for r > 0, by the divergence theorem [4, 5] we have
But we also have
So from (3.7) and (3.8), we obtain
On the other hand, by (2.2) and (2.4),
so we get
From (2.5), (3.9) and (3.10) we get
Thus, for r > 0, we obtain
Now from (3.3) and (3.11) we see that
Step 3. We are now ready to prove inequality (3.2). Integrating (3.5) we get
(3.12)
It is easy to prove thatv ′ (r) is continuous on [0, ∞) andv ′ (0) = 0. Then, by the divergence theorem, (3.12) implies that
∆v(r)dµ
(3.13)
Note that k ≤ 0. Integrating (3.13) we obtain
Kdµds. Proof. As in Theorem 3.1, set α = 1 − σ and v = u α , thenv satisfies inequalities (3.13) and (3.14). If (a) holds, it is obvious thatv(∞) = ∞, and hence sup x∈M v(x) = ∞. Since α < 0, we see that inf x∈M u(x) = 0.
If (b) holds, then there exists τ > 0 such that for all r ≥ τ, B(r) Kdµ ≥ 0. From (3.13) we have that for r ≥ τ,v ′ (r) ≥ 0 and hencev(r) is increasing. This means that if we set C = infv(r), then C > 0. From (3.14) we havē
Kdµds
|k|dµds.
Now it is easy to see thatv(∞) = ∞. Then (3.17) follows as in Case (a). The proof of Theorem 3.2 is finished. 2
To show the following theorems, we need a lemma. This result itself is an interesting property of CH manifolds. On the other hand, by the Laplacian comparison theorem (see p. 26 of [6] ) (again comparing with the n-dimensional Euclidean space R n ), we have
for r > 0. Here ∆ 0 denotes the Laplacian of R n . So for r > 0 we have Proof. We only prove that condition (a) implies (3.24). The proof for (b) is similar to that of (a). From Theorem 3.2, by the limit comparison test for improper integrals, we only need to prove that lim r→∞ r V (r) B(r) Kdµ = λ , where λ > 0 or λ = +∞. In fact, from the assumption of the theorem and Lemma (3.3) we have
So by the L'Hôpital's rule, we have
This completes the proof of the theorem. 
Kdµdt.
Therefore we get
for r ≥ a. By (3.25), this implies
That is, for the metric g, the ray ϕ = {(r, θ 0 )|a ≤ r < ∞} has finite length for a fixed θ 0 . Thus the metric g is not complete. This is a contradiction. Proof. By (3.26), it is easy to show that there is a > 0 such that r 0 1 V (t) B(t) Kdµdt > 0 for r ≥ a. To prove the corollary, it is sufficient to show that condition (3.25) is satisfied. This can done by using the limit comparison test for improper integral.
In fact, from the assumption of the theorem for sectional curvature and the well-known Laplacian comparison theorem [6] , we have n − 1 r ≤ ∆r ≤ (n − 1)c coth(cr). Then (3.25) follows by the limit comparison test. This completes the proof of the corollary.
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